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New Output Feedback Design in Variable Structure Systems
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This paper proposes an output feedback variable structure control to stabilize a class of uncertain systems in
which the state is unavailable and no estimated state is required. The special sliding hyperplane is introduced so
that the output of the system is initially on the hyperplane no matter where the initial output is, and the stability
of the equivalent reduced-order system in the sliding mode is assured under a certain condition. Further, based
on the concept of the equivalent motion and the known bound of the initial state, the constant control gain is
derived to guarantee the existence of the sliding mode. Finally, an aircraft model is given to illustrate this design
approach.

I. Introduction

VARIABLE structure systems (VSS) are a special class of
nonlinear systems characterized by a discontinuous control

action which changes the system structure on the state reaching the
sliding (switching) hyperplane. The major merit of the VSS is their
insensitivity to parameter variations and external disturbances.1'2
Hence, over the last few years, the VSS approach has been widely
applied to the design of practical control systems, such as servo
systems,3"5 power systems,6'7 flight control systems,8 etc. How-
ever, the conventional VSS are always limited to the systems with
full-state feedback. In fact, in practical application, full measure-
ment of state might be neither possible nor feasible. Recently,
some asymptotic observers and dynamic compensators have been
used in VSS to deal with the unavailability of state,9"11 even
though they possibly increase the complexity of the system. There-
fore, the direct output feedback design in VSS is worth investigat-
ing. Up to now, there has been very little relevant literature
addressing this subject. Heck and Ferri12 proposed a direct output
feedback in VSS by choosing a matrix N such that the nominal
system satisfies the reaching condition; nevertheless, the existence
of the matrix N is not guaranteed.

In this paper, we proposed a direct output feedback variable
structure control to stabilize the uncertain system robustly. Here
the state is unavailable and no estimated state is required. The
main idea is to choose a special set of switching functions and
place the system on the sliding hyperplane at the initial instant;
thereafter, the existence condition of the sliding mode must be
guaranteed. With the aid of the known bound of the initial state
and the concept of the equivalent motion, the constant control gain
is derived to ensure the existence of the sliding mode.

The organization of this paper is as follows: In Sec. II we formu-
late the system and state the problem. The main results are derived
in Sec. III. In Sec. IV an illustrated example is given. A conclusion
is given in the last section.

II. System Formulation and Problem Statement
Consider a class of uncertain systems described as

where the state vector Jt e /?", and the controHnput u e Rm, and
the output vector''y e Rp, for m<p<n. (A, B) is a completely
controllable pair with appropriate dimensions. Moreover, the
matrix A represents the nominal linear part of the system, B is the
input matrix of full rank and AA is a matrix involving all possible
system parameter variations satisfying the matching condition Eq.
(Ic). Let Eq. (1) be transformed as follows13'14:

x = MX, m, and x2 e Rm (2)

where M is an n X n orthogonal transformation matrix such that

(3)

where B2 e Rm m is a nonsingular matrix. Then Eq. (1) can be
written as

x =

y = Cx

(4a)

(4b)

where

A = MAM l =

AA = MAAM"1 = BD, D = DM"1 (4c)

C2], and

y = Cx

AA = BD

(la) in which we assume that the uncertainty matrix D has the follow-
ing bound

(Ic)
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\\DL<d (4d)

where ||D ||2 denotes the spectral norm of matrix D and d is a posi-
tive scalar. In the following, without loss of generality, our analysis
and design are on the basis of the transformed equivalent system
Eq.(4).

Our main objective is to design an output feedback control such
that the system in Eq. (4) is stabilized robustly. The components of
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the control vector u e Rm are of variable structure form, i.e.,

where

ui (30 if st (y) > 0
u^(y) if st(y). < 0 '

; [J (0 - exp(-IV) v(0) ]

(5a)

. e R1 x p (5b)

is the /th switching function, each p; is a positive scalar, and y (0) is
the initial output. For simplicity, choosing p j = ... = pm = p > 0.
Let us define a matrix G e RmxP; each row of matrix G is gh i = 1,
2,. . . , m, which will be determined later. The sliding mode occurs
when the output reaches and remains on the intersection of the m
switching functions ^ = 0, / = 1, 2,..., m, i.e.,15

SCO = [sl9...9sm\T=G[y - exp(-pO;KO)] = 0 (6)

= 0 is so called the "sliding hyperplane". S[v(0)] = 0 means
that the system is placed on the sliding hyperplane initially no mat-
ter where y(0) is. Besides, the exponential term exp(-pr)j(0) will
decay to zero as t — > <*> , and its effect will be discussed later. Here
we assume GC2, and GCB are both nonsingular matrices.

III. Main Result
The design procedure can be divided into two steps as follows.

A. Sliding Hyperplane Determination
While in the sliding mode, i.e., S - 0, a certain linear depen-

dence among the state is as below

x2 = ~(GC2r (7a)

thus the system in Eq.(4) can be reduced to the following n-m
dimensional form

(9)

there exists a
where K = (GC2) 1G. The following lemma is needed.

Lemma 712'16: For a matrix C 2 e/? / I x m , there
matrix G e Rmxp such that K = (GC2)~1G in Eq. (9) can achieve
some poles placement if and only if

-f]<p- m (10)

That is, if Eq. (10) holds, we can select K to stabilize the system in
Eq. (9) first, and there exists a suitable G to satisfy G(C2# - /) = 0.
Here the solution G may not be unique.

Remark 1: It is noted that the exponential term <|) will decay to
zero as t —> °° , hence it will not affect the equilibrium point of the
system Eq. (7b). That is, the sliding hyperplane in Eq. (6) will con-
verge to the following form:

so the preceding determination of the matrix G by neglecting <|) is
reasonable. Besides, the response prior to this convergence might
be not very good. The decay rate of ty can be speeded up by
increasing the value of p, however, the control gain will increase
too.

B. Existence Condition Satisfaction
It is well-known that the output can globally reach the sliding

hyperplane if1*2

(lla)

Because the system is on the sliding hyperplane initially, we only
need to consider the existence condition of the sliding hyper-
plane, i.e.,

limS (y)S(y)<0 (lib)

(7b)
and

*(0 =
x,(t) -(GC2)"'GC,

0
-(GC2ylGy(0)

exp(-pf) (7c)

where / e R m x n m is an identity matrix. For convenience,
the following notations are used in the sequel of this paper:

<8a)

(8b)= A12(GC2)-1Gv(0)exp(-pr)

and

-(GC2)-1GC1

e Rn x (n-m) (8c)

The sliding hyperplane S(y) = 0 is determined by choosing the
matrix G to stabilize the reduced-order system in the sliding mode.
Neglecting the exponential term $ first, Eq. (7b) can be seen as a
usual linear output feedback problem

To achieve the existence condition in Eq. (lib), the following
approach is helpful.

Control Selection: For the given system in Eq. (4) with known
bound of initial state jc(0), let the control u(y) be selected as

(12)

where sgn(S) = [sgn.^), ... , sgn(sm)]r, each sgn(^) is a signum
function of s/, i = 1,2,. . . , m, defined as sgn(s;) = 1 for st > 0, 0 for
Sj = 0, — 1 for Si < 0. Let the constant control gain k E R satisfy
the following inequality

k > max [ (||GCA||2 + ||GC||2||AA||2) L + PI|Gv(0)||2] (13)

where max(-) represents the maximum value of (•) and L is
defined as

|(GC2)-!Gy(0)|2 (14)

for t > 0, then Eq. (lib) holds, i.e., the existence condition is guar-
anteed.

Reason: Substituting Eq. (12) into Eq. (4a) and differentiating
Eq. (5b), it yields

S = (15)
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It is easy to see, if

k > max [ (||GCA||2 + ||GC||2||AA||2) \\x(t)\\2 + PI|Gy(0)||2] (16)

then the existence condition Eq. (lib) can hold. However, x(t) in
Eq. (16) is not available, hence Eq. (16) should be modified as fol-
lows.

Because at the initial instant S[y (0)] = 0, i.e., the initial output is
on the sliding hyperplane. From the concept of the equivalent
motion, while in the sliding mode, we have the reduced-order sys-
tem as follows with the aid of Eqs. (8a) and (8b)

(17)
S(y) = 0

with the initial state *(0). Solving Eq. (17), we get

*!« = exp[A1(r)]jc1(0)+ exp[A1(r-T)]ct)(T)dT (18)

For a stable matrix A} and finite vector fy it is clear that both
|exp[Ai(f) ]|| 2 and Ij^exptA^-T) ]<|)(T)dT||2 are limited tosome
bounded values. The upper bound of the state vector x^t) is

I I 2

(19)

Further, by Eqs. (7c) and (8c), the upper bound of the state vector
x(t) is

(GC2)
(20)

Substituting Eq. (19) into Eq. (20) and according to Eq. (16), Eqs.
(13) and (14) are obtained.

Remark 2: It is noted that because y (0) lies on the sliding hyper-
plane 5 = 0 initially, the control u in Eq. (12) with the gain k in Eq.
(13) is chosen to force v(r), for t = 0 + Af, 0 < Af <$c 1, remaining
on S = 0; moreover, each term of right-hand side of Eq. (13) is
taken to be norm value and the maximum value of it is considered.
Therefore, we can conclude that Eq. (13) indeed gives a strong
enough gain k such that y (f), t > 0, will be kept lying on the sliding
hyperplane all the way. Consequently, the control selection is
indeed workable.

Remark 3: Because the control u in Eq. (12) may give rise to
chattering due to the term of signum vector sgn(S), directly apply-
ing such a control signal to the plant may be impractical. To obtain
a continuous approximation control signal, each element of sgn(S)
can be replaced by a smoothing continuous function as17

(21)

where each 8,- > 0 is a small positive constant. Because our control
design only considers the existence condition of the sliding mode,
the output trajectory should be confined to the neighborhood of the
sliding hyperplane, so 5, cannot be too large, / = 1, 2 , . . . , m. How-
ever, how to choose a set of suitable 8, is still an open problem.

IV. Illustrative Example
It is difficult to find a practical example with multi-input sys-

tem. Therefore, for convenience, we adopt the system of aircraft in
Ref. 12 to be illustrated.

-0.277 1 -0.0002
-17.1 -0.178 -12.2

0 0 -6.67

0
0

6.67

y = 0 1 0
0 0 ij

a
q

A_

(22a)

(22b)

where a is the attack angle, q is the pitch rate, 8e is the elevator
angle, u is the command to the elevator, and y is the measurement

Pitch rate, q: solid-line
Elevator angle, 5,: dashed-line

Time (sec)

Fig. 1 Output trajectory q and 8e.

Control, M: dashed-line
Sliding hyperplane, S: solid-line

Time (sec)

Fig. 2 Control u and the sliding hyperplane 5(y).

-0.5 0 0.5 1 1.5

Fig. 3 Phase plane of output q and be.
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which is not negative semidefinite. Therefore, the S(y) trajectory
with initial state Jt(0) = [ 1 0 1 ]T does not decrease, i.e., the reaching
condition Eq. (1 la) fails during a certain period of time (see Fig. 4).

V. Conclusion
If some state is unavailable and no estimated state is employed,

the output feedback design in variable structure systems is difficult
work. The global reaching condition is especially hard to meet.
This paper has introduced a new design on the sliding hyperplane,
such that the system is on the hyperplane initially. Therefore, only
the existence condition of the hyperplane must be considered.
Based on the concept of the equivalent motion, the constant con-
trol gain is obtained by an off-line computation with the known
bound of the initial state.

Fig. 4 The S(y) of the "Example" in Ref. 12 with *(0) =[1 0 I]1.

vector. It is obvious that system Eqs. (22a) and (22b) is controlla-
ble. Suppose the uncertainty is illustrated as

= 0.1[sin(f) sin(3f)cos(f) - 1+ sin(2f)cos(3f)] (23)

From Eq. (23), ||D||2 < 0.2235, and ||AA||2 < 1.4910. Hence we
need not transform the system, since the matrix B is of the form in
Eq. (3). Define xl = [a q]T and x2 = 6<,, then

-0.277 1
-17.1 -0.178

A
12 =

[-0.0002]
[-12.2]'

A
=

A2l = [-6.67], B2 = [6.67], C1 = l\, C2 = I0 1

0 0 1

Let K = [#!, &2]- According to lemma 1, it must satisfy

rank'1 ° 1*1 (24)

i.e., k2 = 1. Hence only k\ can affect the stability of the reduced-
order system in the sliding mode. Suppose we choose K =
[-0.4635 1] to place the eigenvalues at A,, 2 = - 3.06 ± 3.06y , j
= J-\. . Because K = (GC2)~1G, it follows that G = [-0.4635 1].
Let p = 3 and y(0)=[2 OF, then from Eq. (6), the sliding hyper-
plane is

S(y) = -0.4635V! + v2 - 2 exp(-3f) = 0 (25)

Suppose we merely know the bound of the initial state \\x (0) ||2 = 2.
From Eq. (20), the upper bound ||jc (t) \\2 = 5.3160, and from Eq.
(13), k > 49.6299. If we let k = 50, from Eq. (12), we have

u(y) = -7.5 sgn(S) (26)

Owing to remark 3, the sgn(S) in Eq. (26) can be replaced by Eq.
(21) with a small 8, e.g., 6 = 0.5. The simulation results are shown
in Figs. 1, 2, and 3, respectively. It is clear that a good approxima-
tion causes the perfect sliding motion and the chattering phenom-
ena is eliminated.

Here, we have to mention that in the example of Ref. 12 the
authors give N = 0 to yield

CTGTGCA =
0 0 0

-3.6736 -0.0382 0.4706
7.9259 0.0825 -1.0153
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